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We have obtained the Tsallis distribution from the maximum entropy approach using 
constraints on the first and the second moment, together with the normalization condition. We 
have constructed railway and highway communication networks for the Moscow region and 
the airline network for the Russian Federation. The fitting shows that the degree distributions 
for these networks are described with the q –exponential function. In case of the railway and 
highway networks, the nodes degrees distributions are well fitted with the skewed normal 
distribution, while in case of the airline networks we have used the power law distribution for 
fitting. The studies of the epidemics spreading processes in these networks show that the 
epidemics threshold decreases with a decrease of the constraint on the degree. 
 
 
Introduction. The system is a complex of interacting elements that form an organized 
entity. An arbitrary complex system can be represented as a network. In this representation 
nodes are the system elements and edges are the interaction among them. It makes it possible 
to consider any real physical (natural or artificial), biological and social system as a network. 
The foundations of the network approach are developed in a number of monographs, reviews 
and numerous papers [1, 2, 3]. The system is represented as a graph in the frames of the 
network approach. Statistical mechanics methods have turned suitable to study connected 
graphs with unrestrictedly large number of nodes.  
In the network approach frames, studies of artificial systems show that many real 
systems are characterized by the power law distribution of degrees in the form ( ) γ−kkp ~ , 
where k is the vertex degree (the number of edges incident to the given vertex) and γ  is the 
exponent. It has brought about rigorous studies of the evolution mechanisms of growing 
networks in order to understand topological peculiarities of networks, such as scale-free 
degree distribution, small world property, the presence and origin of correlations in these 
networks.  
There is a class of networks which are embedded in real space in the sense that 
networks whose nodes occupy a precise position in two or three-dimensional Euclidean space 
and whose edges are real physical connections. The topology of spatial networks has the 
constraints connected with their geographical embedding. 
Transport communication networks play the most important social-geographical role 
among space networks. One way or another, transport communication networks depict the 
history of the country development. In any case, these networks connect settlements of people 
and are the result of the economic and political development of the country with an account of 
its geographical features. There is no doubt that historically people chose places for 
settlements according to a certain geographical practicability of the territory. Establishment of 
new settlements provokes new roads’ construction. Thus, transport communication networks 
should be considered as growing.  
Despite the growing character of space networks, their topologies differ considerably. 
For example, the distribution of the Internet network degrees, analyzed on various levels, has 
the power law form ( ) γ−kkP ~  [4]. The power grid of the western United States is 
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described by a complex network whose nodes are electric generators, transformers, and 
substations, and edges are high-voltage transmission lines. The degree distribution of this 
network has the form of an exponential distribution [5]. Thereby, it should be stressed that for 
the Internet space network the constraints on the growth of the nodes degrees due to space 
inclusion are practically absent, while for the power grid these constraints are rather strong. 
On the other hand, it is no doubt that the Internet growing network is a complex system 
which is manifested by the power law character of the degree distribution. The growing 
network of the western US electric power system reveals an exponential degree distribution 
due to the constraints on the growth of the nodes degrees and, consequently, is not a complex 
system.  
Nonextensive statistics has become lately a powerful tool for the complex systems 
description. The degree distribution in the frames of this approach is obtained from the 
maximum nonadditive entropy principle. In the easiest case, when there is only a constraint 
on the average degree value, we obtain the Tsallis distribution [6]. With the nonextensivity 
parameter q tending to the unit, the Tsallis distribution becomes exponential, and with q not 
equal to the unit and at large degree values it has the form of a power law distribution. Thus, 
from the Tsallis statistics point of view, the constraints on the degree do not allow the 
observed distributions to reveal the power law character, and in case of strong constraints we 
practically have an exponential dependence. 
We show in this paper that this observation is a characteristic feature of space networks. 
We demonstrate that an absolutely similar situation is observed in the transport 
communication networks studies. There is a strong constraint on the growth of the network 
nodes degrees for ground transport communication networks that is connected to the 
geographical location of the edges. In the airline network this constraint is rather weak. We 
also present the results of the consecutive studies of transport communication networks, 
namely, the railway, highway and airline networks, give the data analysis results and describe 
them in the frames of the q-type statistics. With the SIS model, we analyze processes of the 
epidemics spread in the constructed networks.  
 
Data analysis. We have studied four transport communication networks in the paper. 
For the first one, railway stations were taken as vertices and railways as edges. For the second 
network, settlements are vertices and highways are edges. The third one is a network of 
settlements connected by either highways or railways. The fourth one is an airline network 
where cities with airports are nodes and edges stand for direct flights between the relevant 
airports. We have also taken into account the flights abroad from RF (semi edges). The degree 
distributions for the considered networks are given in Fig. 1 and 2. For example, the airline 
network has 190 nodes and 710 edges. The maximum node degree in the airline network is 
239, the average degree is 9.3. To figure out the presence and character of the vertices degrees 
correlations, we have also architected the dependences of the average nearest neighbours 
degree of the vertex on its degree <knn>(k). The <knn>(k) dependence is practically constant 
that indicates the absence of correlations in all studied networks.  
It can be seen from Fig. 1 that the degree distribution for the highway, railway and 
generalized networks has the form of a skewed normal distribution. For the airline network 
the degree distribution constructed in the log-log scale shows that it is the Tsallis type. At 
large k values this distribution has a rectilinear area. 
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There is indeed a strong constraint in highway networks on the growth of the network 
nodes degree which is induced by the space constraint on the physical location of edges (the 
roads proper). In the airline network, there is no such strong space constraint on edges that 
leads to the scale-free degree distribution.  
Thus, we are able to apply the Tsallis statistics both for the Internet network and the 
western US electric power system network.  
We have also constructed the length distributions for the highway and airline networks. 
The results are given in Fig. 3–4.  
 
Nonextensive aspects of stochastic networks. We can define the degree distribution 
function with the maximum entropy approach. We represent the qS  entropy of the discussed 
fractal system in the form [6]:  
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where q is the entropy index and kp  is  distribution of state. The natural constraints for the 
(1) entropy maximization are  
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that corresponds to the probability normalization condition,  
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Fig. 1. Degrees distribution for the transport 
communication networks of the Moscow 
region: 1 — highway communication 
networks, 2 — railway networks and 3 — a 
generalized network 
Fig. 2. Degrees distribution for the RF airline 
network (in the inset – the same distribution in 
the log-log scale) 
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Fig. 4. Length distribution of the RF airline 
network 
Fig. 3. Length distribution of the generalized 
communication network 
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where µ  and 2ρ  are the first and the second ( )kP  distribution moments and  
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P(k) is an escort distribution.  
We obtain from the variation problem for (1) accounting for the (2) and (3) constraints  
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where α , γ  and β  are the Lagrange parameters. From equation (5) it follows that   
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Using the normalization condition and introducing the notation 
( ) qq
k
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The η  and ξ  parameters introduced instead of the Lagrange ones β  and γ  are determined 
by constraints (3). 
It is easy to see that at 1→q  the ( )kP  distribution becomes the normal ( ) ( )2
2
2~ σ
µ−− k
ekP  
distribution with an average µ  value and the 222 µρσ −=  variation. We can note from the 
( )kP  distribution definition that at large degrees of k  the probability distribution has the power 
law form ( ) ( ) 12~ −−− q qkkP µ  for 1>q .  
If constraint  (3.2) is absent, the escort ( )kP  distribution takes the form  
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where 10
−Z  is the normalization constant. At 1→q  the ( )kP  distribution becomes exponential, 
( ) 0~ kkekP − , and at large k  degrees the probability distribution has the power law form 
( ) ( ) 1~ −−− qqkkP µ  for 1>q . It can be concluded that the degree distribution ( )kP  changes 
between the exponential and the power law forms and vice versa.   
Therefore, the specific form of the escort distribution in the 1→q  limit is defined by 
constraints (3.1) and (3.2). If there is constraint (3.2) in the 1→q  limit, we have a normal 
degree distribution; if it absent, we have an exponential degree distribution. 
Thus, with the maxkk <  constraint on the nodes degrees growth and if maxk  takes rather 
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small values, the space network of the power law distribution does not show. In case of 
distribution (8) we have a skewed normal distribution and in case (9) – a skewed exponential 
degree distribution. 
It is possible to say that the growing network model which generates by adding new 
nodes and establishing new connections among old nodes leads to a network with a topology 
described by the Tsallis distribution (8) [6]. 
The distance distribution among nodes of a space network can be determined applying 
the maximum entropy method. In this case, besides the normalization condition ( )∫
∞
=
0
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we introduce the constraint ( ) ( )∫
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0
0 0dxxPxx . 
Nonextensive entropy is defined as  
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The Lagrange-method based analysis brings about the following result:  
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This distribution describes the distance distribution among the network nodes and is the 
Tsallis distribution for distances.  
It is well-known that fitting with the maximum likelihood method gives most accurate 
and stable evaluations of the distribution parameters [7]. We have used the Tsallis distribution 
in form (7) for fitting and determination of the nonextensivity parameter of the corresponding 
networks. Fitting with the maximum likelihood method shows that for railway communication 
network q = 1.12, for highway network q = 1.6, for the generalized network q = 2.2; for the 
airline network q = 3.5. Moreover, as the kmax values for these networks are equal to 15, 14, 17 
and 239, respectively, we obtain for the railway communications, highway and the generalized 
networks a skewed normal distribution; for the airline network at large k we obtain a power law  
distribution.  
 
Viruses spread and healing strategy. We have analyzed in the constructed networks 
the viruses spreading process in the framework of the SIS model [3]. Each vertex in the SIS 
model can be in one of two states, and the spreading process occurs in accordance with the 
following reactions: )()()()( jIiIjIiS +⎯→⎯+ λ ,  )()( iSiI ⎯→⎯µ . In this model, the threshold λ  
parameter value is defined from the condition  
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where ( )kP  is the Tsallis distribution, and ( )kΘ  is defined from the solution of equation  
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It is easy to show that the threshold λ  parameter value is defined as 
2k
k
c =λ .  
We have conducted a computer simulation of viruses spread for each of the evaluated 
networks. The λс  values for the highway, railway networks, the generalized transport network 
and the airline network are equal to 0.26, 0.27, 0.22, 0,017, respectively.  
The dependences of the infected nodes fraction on the λ  model parameter are given in 
Fig. 5.  
 
 
 
The time dependence on the infected nodes density ( )tρ  lower than the cλλ <  
threshold is given in Fig. 6 (a); that which is higher than the cλλ >  threshold is given in Fig. 
6 (b).   
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Fig. 5. The dependences of the infected nodes density on the λ  model parameter:  1 
— railway networks, 2 — highway communication networks, 3 — generalized 
network, 4 — RF airline network 
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Discussion 
We have obtained the Tsallis distribution from the maximum entropy approach using 
constraints on the first and the second moment, together with the normalization condition. 
The analysis of this distribution properties shows that it has the power law form at large 
enough values of the nodes degrees, while at relatively small values of k  it is a normal 
skewed distribution. Such behaviour of the obtained distribution is the key idea of our 
approach in the studies of transport communications. We have constructed railway and 
highway communication networks for the Moscow region and the airline network for the 
Russian Federation. We have considered these networks as growing and described them with 
the Tsallis distribution. The analysis of the empiric data shows that in case of a transition 
from railway networks to highway ones, and then to airline networks, the constraints on the 
nodes maximum degree, which are a result of the spacious location of connections, decrease 
(the maximum degree increases).  
The fitting shows that the degree distributions for these networks are described with the 
q –exponential function. In case of the railway and highway networks, the nodes degrees 
distributions are well fitted with the skewed normal distribution, while in case of the airline 
networks we have used the power law distribution for fitting.  
The studies of the epidemics spread processes in these networks show that the 
epidemics threshold decreases with a decrease of the constraint on the degree. 
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